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ABSTRACT In many proteins fluorescence from single tryptophan exhibits a nonexponential decay function. To
elucidate the origin of this nonexponential decay, we have examined the fluorescence decay function and time-resolved
fluorescence anisotropy of a fluorophore covalently bound to a macromolecule by solving a rotational analogue of the
Smoluchowski equation. An angular-dependent quenching constant and potential energy for the fluorophore undergo-
ing internal rotation were introduced into the equation of motion for fluorophore. Results of numerical calculations
using the equations thus obtained predict that both the fluorescence decay function and time-resolved anisotropy are
dependent on rotational diffusion coefficients of fluorophore and potential energy for the internal rotation. The method
was applied to the observed fluorescence decay curve of the single tryptophan in apocytochrome ¢ from horse heart. The

calculated decay curves fit the observed ones well.

INTRODUCTION

Recent experimental (Gurd and Rothgeb, 1979) and theo-
retical (Karplus and McCammon, 1983) works have
revealed that protein structure is inherently dynamic.
Beechem and Brand (1985) have reviewed recent works
demonstrating that aromatic amino acid residues such as
tryptophan (Trp) and tyrosine (Tyr) possess a motional
freedom of internal rotation during their fluorescence
lifetime, even if they are buried in protein matrices. With
respect to this problem, we have demonstrated previously
(Tanaka and Mataga, 1982) that the fluorescence decay
function of an energy donor in proteins should be nonex-
ponential when the transfer is faster than the internal
rotation. The nonexponential nature of the decay curve of
single tryptophan was observed in myoglobin from tuna,
where fluorescence from Trp-14 was strongly quenched
due to efficient energy transfer to heme (Hochstrasser and
Negus, 1984). However, apomyoglobin from tuna (Hoch-
strasser and Negus, 1984) and many other proteins with
single tryptophan (Beechem and Brand, 1985) exhibited
nonexponential decay, even though the acceptor is absent
in the proteins.

To elucidate the underlying mechanism of these phe-
nomena, we have developed a model that takes into
consideration the effect of internal rotation of a fluoro-
phore covalently bound to a protein on the fluorescence
decay function and time-resolved fluorescence anisotropy
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based on a more general theoretical treatment than the
previous one (Tanaka and Mataga, 1982). In the present
model, we introduced an angular-dependent fluorescence
quenching constant into a rotational analogue of the
Smoluchowski equation (Favro, 1958, 1960), which has
been frequently used for the studies of electron spin
resonance (ESR) line shape (Nordio et al., 1972; Polnas-
zek et al., 1973; Polnaszek and Freed, 1975), nuclear spin
relaxation (Bernassau et al., 1982), and fluorescence depo-
larization (Kinoshita et al., 1977; Burghardt, 1985).
Burghardt (1983, 1984, 1985) has demonstrated that the
method of spherical tensor (Landau and Lifshitz, 1983;
Rose, 1971) is useful for solving a rotational diffusion
equation of a rigid rotor, and has applied it to the problems
of time-resolved fluorescence anisotropy. In the present
work, we have extended the method to a model that
includes an angular-dependent quenching constant as
stated above and have applied it to the analysis of fluores-
cence decay curves of tryptophan in proteins.

EXPERIMENTAL PROCEDURE

Cytochrome ¢ from horse heart (Type VI) was purchased from Sigma
Chemical Co. (St. Louis, MO). It was purified by column chromatogra-
phy on CM celluluose (CM-32; Nakarai Chemicals, Ltd., Kyoto, Japan)
with 85 mM phosphate buffer at pH 7.0, and then on hydroxyapatite
(DNA grade; Bio-Rad Laboratories, Richmond, CA) under an ionic
strength gradient between 20 and S00 mM of phosphate. Apocytochrome
¢ was prepared by removing heme from the purified cytochrome ¢
according to the method reported by Sano and Tanaka (1964).
Fluorescence decay curves of tryptophan of apocytochrome ¢ were
measured with a time-correlated single-photon counting method using a
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synchronously pumped, cavity-dumped dye laser for excitation (at 295
nm). Details of the experimental arrangement are described elsewhere
(Yamazaki et al., 1985).

THEORETICAL MODEL

We model the tryptophan residue as a completely asym-
metric rotor covalently bound to a spherical protein. Geo-
metrical arrangement of the molecular systems and experi-
mental laboratory system is illustrated in Fig. 1. The
fluorophore possesses motional freedom of internal rota-
tion about covalent bonds in the macromolecule. The
internal rotation was described with Euler angles of
w = (aBy) from the macromolecular system (x', y/, ') to
the tryptophan system (x, y, z). The experimental labora-
tory system was shown with (X, Y, Z) coordinate axes.
Transformation of the motion of spherical protein from the
(X, Y, Z) system to the (x', y, Z’) system was described
with Euler angles of Q = (y#¢). Transition moments of
absorption and emission of tryptophan are shown by m,
and m, in the (x, y, z) system, respectively. Directions of m,
and m, are represented with polar coordinate angles as
W, = (6353) and We = (eeae) in (x’ Vs Z).

Green’s function, G('wQw't), for the rotational motion
of fluorophore was described by a diffusion equation for
the spherical protein and by the rotational analogue of the

X

FIGURE 1 Geometrical arrangement of molecular and experimental
laboratory systems. Details are described in text.
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Smoluchowski equation (Favro, 1958) for the internal
motion of the fluorophore.

%G(Q’w(lw't) = — [k + ky(0)] G(Xu't)
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where k, is the decay constant of excitation of fluorophore
without quencher, D is the rotational diffusion coefficient
of spherical protein, and D, is the second rank tensor of the
rotational diffusion coefficient of internal motion of fluoro-
phore. k is the Boltzmann constant and 7, temperature.
Angular momentum operators for the spherical rotor and
the completely asymmetric rotor are represented by J, and
J,, respectively. The fluorescence quenching constant and
potential energy were expanded with a generalized spheri-
cal harmonic as Egs. 2 and 3, respectively.
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where 4} and B!, are constants, and D, (w) is the
generalized spherical harmonic (Landau and Lifshitz,
1983). To insure that k (w) and V(w) are real functions,
the relations, AL, = (=1)™™ A", .. and Bl, =
(=1)™™ B", .. should be held.

Eq. 1 may be solved by using Green’s function in the
form of Eq. 4.

G(Qwla't) = i i Y (Q) Yo (Q)

n=0 m=—n

2 AN @), (D)
a=1
where Y,,() is a spherical harmonic and eigen function
for the spherical rotor, and ,(w) is an eigen function for
the asymmetric rotor and expanded in terms of eigen
functions for the symmetric rotor as indicated in Eq. 5

U@ =3 > Chen(w), )
p=0 q.9'~--p

where @5, (w) is an eigen function for the symmetric rotor
(Landau and Lifshitz, 1983) as shown in Eq. 6

D (w). (6)

2,(w) = () (2"”)

Expansion coeflicients, Cqr (k=1,2,3,...; p= 0,1,
2,...; q, ¢ = —p to p), are obtained as eigen vectors
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corresponding to eigen values, A, of a set of simultaneous
linear equations derived from Eq. 1 (see Appendix).

FLUORESCENCE DECAY FUNCTION AND
TIME-RESOLVED ANISOTROPY

Transition moments of absorption, m,, and emission, m,,
represented in the (x, y, z) system were expressed as M,
and M,, respectively, in the experimental laboratory sys-
tem with a transformation matrix with rotational angles of
w from the (x, y, z) system to the (x’, y’, z') system and
with rotational angles of Q from the (x’, y’, z') system to
the (X, Y, Z) system. Measurements of time-resolved
fluorescence anisotropy are made by exciting the sample
placed at O with a polarized light beam along the Z-axis in
the direction of the X-axis. Polarized fluorescence along
the Z-axis or X-axis is observed in the direction of the
Y-axis (Tanaka and Mataga, 1982).

The excitation probability of fluorophore upon excita-
tion with polarized light along the Z-axis may be obtained
by Eq. 7 (Chuang and Eisenthal, 1972; Tanaka and
Mataga, 1982).

pQut) = [a [do M2,

V(w)-V(w)
exp|—————

KT G (Qo't). (7)

M2, can be expressed with generalized spherical harmonics
(Landau and Lifshitz, 1983; Rose, 1971). The Boltzmann
factor may be expanded also in terms of generalized
spherical harmonics after substituting Eq. 3 for potential
energy.

Fluorescence intensity and time-resolved anisotropy can
be obtained from the excitation probability and transition
moments of emission (Chuang and Eisenthal, 1972;
Tanaka and Mataga, 1982). The transition moments may
be also expressed with generalized spherical harmonics
(Landau and Lifshitz, 1983; Rose, 1971). The fluorescence
decay function can be obtained as Eq. 8.
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Expressions for time-resolved fluorescence anisotropy can
be written as
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NUMERICAL CALCULATIONS FOR MODEL
CASES

We have calculated the fluorescence decay function and
time-resolved anisotropy for model cases. The dependence
of fluorescence decay function upon rotational diffusion
coefficients is shown in Fig. 2. The potential energy for
internal rotation of fluorophore was neglected in this

=]

Relative fluorescence intensity
(=]
=

0 2 4 6 8
t/ ns

FIGURE 2 Dependence of fluorescence decay function upon rotational
diffusion coefficients. Decay functions were calculated for various rota-
tional diffusion coefficients. Potential energy was neglected in the calcu-
lations. k; was taken to be 0.1 ns~'. k (eB) was approximated by Eq. 10.
Diffusion coefficients were expressed by a tensor of second rank, whose
components were D,,, D,, D,,, D,, D,, and D,,. The values of the
components for the decay functions a to e are given in this order as
follows: a, =, «, =, 0.15,0.15,0.15; 4, 1.0, 1.0, 1.0, 0.15, 0.15, 0.15; ¢, 0.5,
0.5,0.5,0.15,0.15,0.15; 4, 0.2, 0.2, 0.2, 0.15, 0.15, 0.15; ¢, 0.1, 0.1, 0.1,
0.15,0.15,0.15inns™".
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calculation. The value of k; was 0.1 ns~'. The quenching
constant was approximated by Eq. 10.

ky(aB) = 0.5 + YhsinasinB — Yecosg (ns™'),  (10)

where k (af) is expressed in terms of spherical harmonics,
Yim(af) (m = —1,0, 1). Eq. 10 is just the first and second
terms in the expansion with spherical harmonics in Eq. 2.
In order to describe k,(w) of real systems exactly we may
need the expansion of Eq. 2 to higher orders, which makes
the actual analyses difficult. Diffusion coefficients form a
second rank tensor. In Fig. 2 we assumed that diagonal
coefficients are all equal and nondiagonal coefficients are
also all equal to each other. As we can see from Fig. 2,
decay function is single exponential when the diagonal
coefficients are large enough. However, it becomes nonex-
ponential as internal rotation becomes slower. Fig. 3 shows
dependence of time-resolved anisotrophy upon diffusion
coefficients of internal rotation. The diffusion coefficient
of the macromolecule was taken to be 0.01 ns~'. Directions
of m, and m, were both taken along z-axis. The other
conditions were the same as in Fig. 2. Fig. 3 shows clearly
that time-resolved anisotrophy is strongly dependent upon
the diffusion coefficients of internal motion.
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FIGURE 3 Dependence of time-resolved anisotropy upon rotational
diffusion coefficients. Fluorescence anisotropy decay was calculated
varying rotational diffusion coefficients. Potential energy was neglected.
Diffusion coefficient of macromolecule was taken to be 0.01 ns™'.
Directions of m, and m, were both along the z-axis. The other parameters

were same as those in Fig. 2.
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The dependence of fluorescence decay function upon
potential energy was also examined. The quenching con-
stant was assumed to be the same as in Eq. 10. Potential
energy was expressed by Eq. 11. Fluorescence decay
profiles at different potentials are shown by curves q, b, c,
and 4 in Fig 4.

Vi{aB) = 1.0 — p(sinasing — Yhcosf) (in unitsof kT). (11)

The height of potential energy was varied by changing the
value of p. The value of k, was taken to be 0.1 ns~'. As we
can see from Fig. 4 the fluorescence decay function is also
dependent on the height of potential energy. The nonex-
ponential nature of the decay function is reduced as the
height of potential energy is increased. However, when the
dependence of potential energy on rotational angles of
internal motion shown in Eq. 12 is similar to that of the
quenching constant expressed in Eq. 10, nonexponential
nature becomes enhanced, as demonstrated in curve e of
Fig. 4.

V(aB) =1.0 + sinasing — Y5cos@ (in units of kT). (12)

Namely, at rotational angles where the quenching constant
exhibits the maximum, potential energy is also highest.
Accordingly, the population of fluorophore at angles with
the maximum quenching constant should be very small.
Therefore, it is reasonable to expect to see a slowly
decaying decay function as shown by curve e in Fig. 4.
The dependence of time-resolved anisotropy upon poten-
tial energy was also examined and shown in Fig. 5. The
diffusion coefficient of the macromolecule was 0.01 ns~'.
The directions of m, and m, were both along the z-axis. The
other parameters for the calculations were the same as

e

Relative fluorescence intensity
Qnow

o

o
o
[¥]

4 6 8
t/ ns

FIGURE 4 Dependence of fluorescence decay function upon potential
energy. Fluorescence decay function was calculated with varying height
of potential energy. k, was taken to be 0.1 ns~'. k (cx3) was approximated
by Eq. 10. Dependence of potential energy on rotational angles of internal
motion in a—d was expressed by Eq. 11. The values of p were 0.0 in a; 0.2
in b;0.6 in c; 1.0 in d. Dependence of potential energy on rotational angles
of internal motion in e was represented by Eq. 12. The values of diffusion
coefficients were the same as those of e in Figs. 2 and 3.
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FIGURE 5 Dependence of time-resolved anisotropy upon potential ener-
gy. DifTusion coefficient of spherical macromolecule was taken to be 0.01
ns~'. Directions of m, and m, were both along the z-axis. The other
parameters for the calculations were the same as those in Fig. 4.

those in Fig. 4. The dependence of time-resolved anisotropy
upon height of potential energy was little, even if the shape
of potential energy was changed.

FLUORESCENCE DECAY ANALYSIS OF
APOCYTOCHROME ¢ FROM HORSE HEART

Cytochrome ¢ from horse heart possesses single tryptophan
(Trp 59) residue. The three-dimensional structure of cyto-
chrome ¢ from horse heart has been determined at the
resolution of 2.8 A (Dickerson et al., 1975). Fluorescence
from Trp-59 is strongly quenched due to the energy
transfer to heme located within 10A of Trp-59. One of the
propionic acids of the heme is hydrogen-bonded to N-H of
Trp-59 and the other is hydrogen-bonded to OH of Tyr-48.
After heme is removed, Trp-59 could have appreciable
freedom of internal rotation. Fluorescence decay curves of
Trp-59 measured at 35° and 5°C exhibited nonexponential
decay. Observed decay curve obtained at 35°C is shown in
Fig. 6 and at 5°C in Fig. 7. We have analyzed these decay
curves by the present method using Eq. 8. We assumed
that the OH group of Tyr-48 is an effective quencher for
Trp-59 and k(x) is given by Eq. 13.

ky(x) = a(l + cosx), (13)

where x is a solid angle between a vector formed by the
center of the indole ring of Trp-59 and the origin, and a
vector formed by the O atom of Tyr-48 and the origin (see
Fig. 1). cosx is given by a first-order Legendre polynomial,
which is again expanded by the first-order spherical har-
monics with variables of « and 3 as represented by Eq. 14.

cosx = (4w /3) Z. Yim(ag8y ) Yim(aB), (14)

where a, and 8, denote angular part of polar coordinates of
quencher. We have used 0.1163 ns~' as the k, value, which
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FIGURE 6 Fluorescence decay curve of tryptophan residue of apocy-
tochrome ¢ at 35°C. Cytochrome c¢ contains single tryptophan (Trp-59)
residue. Fluorescence of Trp-59 was strongly quenched due to energy
transfer to heme. When heme was removed Trp-59 became fluorescent.
The fluorescence decay curve of Trp-59 in apocytochrome ¢ was nonex-
ponential and simulated with decay function of the present model. The
calculated decay curve is shown with a solid curve in a. Excitation pulse is
shown by b. The time interval per channel was 51.2 ps. Parameters used
for the calculation are as follows: k; = 0.1163 ns~' and k(x) = 0.535
(1 + cos x) ns™". The explicit form of cos x is represented by Eq. 14. We
assumed that the OH of tyrosine 48 (Tyr-48) existing near by Trp-59 is
an effective quencher. x represents an angle between the vector formed by
center of Trp-59 and the origin in the (x’, y’, z') system, and the vector
formed by an oxygen atom of OH and origin in the (x’, ', z’) system.
Rotational diffusion coefficients were D, = D,, = D,, = 0.04 and D, =
D,, = D,, = 0.0005 in ns™'. Potential energy was negligibly small.

is the inverse of the longest lifetime of free tryptophan
obtained in alkaline solution (Jameson and Weber, 1981).
We also assumed that all values of diagonal diffusion
coefficients are equal (D;), and further, all values of
nondiagonal diffusion coefficients are equal (D,). First, we
neglected potential energy. Geometrical factors were cal-
culated from three-dimensional structure of oxydized cyto-
chrome ¢ from tuna (Takano and Dickerson, 1981). The
calculated decay curve was obtained from Eq. 15.

1) = '['dt’E(t’) F(t — 1), (15)
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FIGURE 7 Fluorescence decay curve of tryptophan residue of apocy-
tochrome ¢ at 5°C. Calculated decay curve is shown with a solid curve.
The time interval per channel was 51.2 ps. Parameters used for the
calculation are as follows: k, = 0.1163 ns~', kqy(x) = 0.33 (1 + cos x)
ns™!, V(x) = 1.5 (1 + cosx) (in kT units), D,, = D,, = D,, = 0.0005
ns™',and D,, = D, = D,, = 0.00005 ns".

where E(t) is an excitation pulse and F(¢) is the decay
function obtained from Eq. 8 after various assumptions
stated above. The values of a, D,;, and D, were systemati-
cally varied so as to obtain the minimum value of x* given

by Eq. 16.

- -1 n I,(t)

where I(#) is the observed decay curve of Trp-59 in
apocytochrome c.

The best fitting of the observed decay curve at 35°C to
the calculated one was obtained with the values of a =
0.535 ns™!, D; = 0.040 ns~', and D, = 0.0005 ns™'. The
calculated decay curve with these values is indicated by the
solid curve in Fig. 6. Improvement of fitting between
observed and calculated decay curves was not obtained by
employing a few different types of potential energy
expressed by using Y;,,(ag8). The fitting procedure was also
applied to the decay curve obtained at 5°C. In this case,
however, the fitting was rather poor, even if different types
of potential energy expressed with ¥;,(af) (m = -1,0,1)
were introduced into Eq. 8. The best fit was obtained when
potential energy was expressed by Eq. 17.

Vix) = b(1 + cosx). (17

X , (16)

This means that potential energy is maximum in the
direction of quencher. In this case, parameters at the best
fitting were @ = 0.33 ns™', b = 1.5 (in units of kT), Dy =
0.0005 ns~*, and D, = 0.00005 ns~'. The calculated decay
curve with these parameters was represented by the solid
curve in Fig. 7. It is noted that the diffusion coefficients
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were smaller at 5°C than at 35°C and potential energy was
higher at the lower temperature than at the higher temper-
ature. The values of a, which represents an averaged value
of k,(x) over a and 3, depended on temperature. At the
present stage of investigation, however, it is difficult to
derive any quantitative conclusion concerning the results at
5°C since the approximations used for the calculation of
the decay function are rather crude.

DISCUSSION AND CONCLUDING
REMARKS

We have obtained the expressions for fluorescence decay
function and time-resolved fluorescence anisotropy of a
completely asymmetric fluorophore covalently bound to a
spherical macromolecule in the presence of an angular-
dependent quenching process and potential energy for the
fluorophore undergoing internal rotation. Results of
numerical calculations for some model systems using the
equations thus obtained predict that both the fluorescence
decay function and time-resolved fluorescence anisotropy
are strongly dependent on rotational diffusion coefficients
of fluorophore. When the internal rotation is fast compared
with an averaged decay constant of fluorophore over the
rotational angles, the decay function was predicted to be
single exponential. However, as the internal rotation
becomes slower, the decay function should exhibit nonex-
ponential behavior. Moreover, whenever time-resolved an-
isotropy is observable during the fluorescence lifetime, the
decay function should always be nonexponential. The
effects of the presence of potential energy for the internal
rotation were more significant on the decay function than
on the time-resolved anisotropy. However, it is not clear at
the present stage of investigation whether the time-
resolved anisotropy is dependent not so much on the
potential energy but rather on the diffusion coefficients
since our model calculations were made for rather extreme
cases.

We have applied the present method to the observed
fluorescence decay curve of single tryptophan in apocy-
tochrome c¢. Both the decay curves obtained at 35° and 5°C
exhibited nonexponential decay. Agreement between
observed and calculated decay curves was excellent for the
one obtained at the higher temperature without introduc-
ing potential energy. Diffusion coefficients of internal
rotation were 0.040 ns~' for diagonal ones and 0.0005 ns~'
for nondiagonal ones. All coefficients were much smaller
than the averaged decay constant of Trp-59 (0.65ns™"). In
the present results the values of a depended on tempera-
ture. The temperature-dependence of a may be explained
as follows: Trp could have many other motional freedoms
including vibrations besides the rotations over « and 3. If
the other motions were fast compared with the fluores-
cence emission, then the value of k,(x) could be averaged
over those nuclear motions according to equilibrium ther-
modynamics. Hence, a should depend on temperature.

We have expressed the fluorescence quenching constant
only as a function of rotational variables of internal motion,
although usually it strongly depends on the distance
between Trp and a quencher. Our approximation may be
reasonable since the distance could not change much in
proteins. The quenching constant should always be depen-
dent on the mutual orientation between Trp and the
quencher whatever the mechanism of the quenching is,
although the orientational dependence of a quenching
constant was not taken into account explicitly so far, except
for the case of excitation energy transfer (Tanaka and
Mataga, 1982).

A number of works have reported on the fluorescence
lifetime of single tryptophan in proteins (Beechem and
Brand, 1985). In nuclease B and melittin, fluorescence
decay curves of single tryptophan were confirmed to be
mono-exponential. No internal rotation of tryptophan resi-
dues in these proteins was observed by time-resolved
anisotropy measurements. In many other proteins contain-
ing single tryptophan, however, it is suggested that trypto-
phan residues, whose internal rotations are not very fast,
show nonexponential fluorescence decay. These observa-
tions support our model that connects the internal motion
of tryptophan residue in proteins with its fluorescence
decay function and time-resolved fluorescence anisotropy.

Recently, a potential energy was introduced into the
expression for time-resolved anisotropy by Burghardt
(1985) using the Smoluchowski equation given by Favro
(1958). Differences between our model and the one pro-
posed by Burghardt are as follows: (a) potential energy was
introduced for the internal motion of the asymmetric
fluorophore and the motion of the spherical macromolecule
was assumed to be free in the present work, while the
introduction of a potential energy was performed for the
motion of asymmetric macromolecule, and internal motion
of fluorophore was neglected in the work by Burghardt
(1985); (b) the angular dependence of the quenching
constant was taken into account in the present work while
it was not considered in the work by Burghardt, and (¢) we
have chosen the direction of the covalent bond between
CH, and the indole ring as the z-axis while Burghardt
chose the direction along one of the principal axes of
fluorophore as the z-axis. Introduction of off-diagonal
diffusion coefficients due to our choice of z-axis is a most
general treatment and could enable us to make various
analyses on the rotational mode of a fluorophore covalently
bound to protein. When the off-diagonal diffusion coeffi-
cients are put equal to zero, our treatment reduces to the
case where the orientation of the tryptophan coordinate
system is chosen as the principal axis frame. With the
assumption that the fluorescence quenching constant does
not depend on the internal rotation, it may be difficult to
explain the nonexponential decay profile of tryptophan in
proteins (Beechem and Brand, 1985). It should be noted
that time-resolved anisotropy can be affected by the
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quenching constant and conversely fluorescence decay
function can also be modified not only by the diffusion
coefficients but also by the presence of potential energy for
the motion of fluorophore when the decay function is not
single exponential.

APPENDIX

Expansion coefficients, Cgy,, and decay constants, A, were obtained by
the method of spherical tensor for internal motion (Landau and Lifshitz,
1983; Rose, 1971; Burghardt, 1983). The following simultaneous linear

equations were derived from Eq. 1 in the text.

— M+ k+n(n+1)D+ r(r + 1) Ryl C%,.
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1
+ (20)1/2
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2 1
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(30)]/2 RZO [r(r + l) - 352] C
2
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_1
* 20"
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—; > ey
/
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Rotational diffusion coefficients are expressed by spherical tensor as
follows

Ry = D,/3'? (A2)

Ry= -(D..— D, £2iD,)/2 (A3)
Ry, = (D, = iD,,) (A4)

Ry = (D, - 3D,)/6"?, (AS)

where D, = D, + D,, + D,,. C(abc;a'¥') is the Clebsch-Gordan coeffi-
cient (Rose, 1971).

The values of A, and expansion coefficients, C; - can be determined as
eigen values and eigen vectors, respectively, by solving the kind of eigen
value problem as in Eq. Al. The coefficients, Cy,, (r=0,1,2,...; s,
s’ = —r to r), are a set of eigen vectors corresponding to an eigen value,
A (k=1,2,3,....). Constant coefficients of the simultaneous equa-
tions form a Hermite matrix. Therefore, eigen values of Eq. A1 should
always be real.
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